Lesson 1B 

Measuring Height 


Teacher Note: Body Measure and Flagpole Height are exchangeable. We generally recommend starting with Body Measure (Lesson 1A). Use Flagpole Height as an extension activity—Lesson 8 in the sequence. However, some teachers may prefer to begin with Flagpole Height, because it uses triangle trigonometry in a realistic, easily accessible situation. In that case, Body Measure is an optional, extension activity (Lesson 8). 



Overview of the Lesson


Students measure the height of an object, such as the school’s flagpole or a tall tree, using indirect methods that involve triangle trigonometry. (Triangle Investigations explores properties of triangles and triangle trigonometry, but the lesson can be conducted without this background.)  To measure the height of the flagpole, students walk away from the base of the flagpole, stopping when their angle-measuring instrument indicates that their line of sight toward the top of the flagpole measures 45 degrees (implying that the angle between the top of the flagpole and the line of sight is also 45 degrees). They then measure their distance from the flagpole base (B), which will be approximately the same (within measurement error) as a part of the height of the flagpole (A). 
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To correct for the fact that the 45-degree angle has been recorded at their eye level, they will need to add their own height (C) onto the estimated height of the flagpole (B), as illustrated in the diagram.


After each person has measured the height (at least once), the measures obtained are collected. Students work in small groups to design a display that shows, without words, all of the data and any of the trends about the data that they notice. Students post their displays and classmates, but not the designer, attempt to interpret their meaning. The pedagogical intention is to explore different senses of the “shape” of the data. Student inventions are often idiosyncratic but the variability of student designs is important for grounding discussion about qualities of data display. Hence, the teacher employs a language for fostering meta-representational competence by asking the class to consider which features of the data are highlighted by a particular display and which it makes less obvious or even hides. The pedagogical intention is to foster the development of meta-representational competence. After discussing qualities of displays, the lesson concludes by soliciting students’ ideas about sources of these qualities. What about the measurement process might lead to the shapes of the data observed?

Preparing for the Lesson


Angle measurement tool. Students use a cardboard inclinometer to determine the angle between the top of the flagpole (or other object) and their line of sight. Directions for constructing the inclinometer are appended. It is helpful to involve students in the construction of this instrument, so that they have a better idea of its function and a good sense of its precision (or lack thereof).


Distance measurement. To measure the distance between the base of the flagpole and the student, a tape measure is laid out on the ground. An option to use body measurement via pacing is included, but this may be omitted. (If measuring by paces is included, pace measure vs. tape measure can be later contrasted for their effects on distribution.)

Lesson Activities

Measuring

Each student makes a guess about the height of the flagpole and whether or not he or she will get the same measurement each time. [Teacher note: Be sure that students explain the reason for their anticipations.]


Each student measures the height of the flagpole from 2 different positions and records the distance from the base of the flagpole. Then each student estimates the height of the pole by adding his or her height to the distances recorded. Each student’s estimates are collected and the estimates for all students are listed. 


If for some reason, students cannot engage in this measurement activity, student data sets are included as Tinkerplots( files and as text files.  


Teacher Note: If students use the inclinometer and paces without much in the way of preparation, their measurements are apt not to be normally (bell shaped) distributed. The resulting distribution reflects a blend of different methods of measure, individual differences in interpreting the task, and other chaos. This is fine, because it leaves room later for wondering why the shape of the data changes when the measurements are conducted more uniformly and/or with greater accuracy. 

	Thought-Revealing Questions: Pre Measurement

 1. How could we use this tool to measure the height of the flagpole? 

2. What should we keep in mind when we measure? Why is it important to keep this in mind? 

3. What do you think will happen when we measure? What do you think we will get? Why? 

4. Compared to the real length of the height of flagpole, where will our measurements be? (Less than the real length, more than the real length, or the real length) How much less/more do you think our measurements will be than the real length? ( A lot less/more, a little less/ more)


Thought-Revealing Questions: Post Measurement Activity

1. What were you trying to learn by measuring? 

2. Why did we get different measurements?

3. Do you think your measurement is close to the real length of her arm span? Why?

4. What could we do to make our measurements closer to the real length?  Why are our values are not exactly the real length?

Designing a Display

Students work in pairs to design a display on chart paper of the measurements. 

Directions to Students:

Can we say that everyone got the same measurement? Why or why not? If you look at the whole collection of measurements, what do they tell you?

Make a display on the chart paper – a picture or a chart or a graph—that shows other people all of our measurements at a glance. If there are any trends or relationships, anything important or something else that you notice, then the display should help other people see this quickly. 

You can use the cards to plan out your display. You might want to move the measurements around until you find just the way you want to arrange them. Then make your chart by writing the measurements on the graph paper, so that you can pick up the display and bring it to the front of the class. Write large enough so everyone can see.


Students tend to design displays that are not conventional, but, as described below, discussions about the variations in design help develop an appreciation of different senses of the “shape” of the data. Although it is tempting to use computer tools to create the display, paper-and-pencil tools lead to more invention. Paper and pencil often make the important issue of interval more visible. For example, some students may create “bins” for values, thus creating intervals that affect the “shape” of the data. However, they may also juxtapose them without regard to the entire range of the interval. That is, students arrange values in order, such as 10’s, 20’s, and then juxtapose 40’s, if there are no values in the 30’s bin. The resulting display highlights clumps of values but makes “holes” in the data invisible.

	Thought-Revealing Questions: As Students Design their Displays

1. What do you think is interesting in the data set? (A trend, a shape, strange values etc.)

2. What is the first thing you want someone else to notice in your display? How have you shown that? 


Comparing Displays 


Students hold up their displays and other students either write, or report verbally, one aspect of the measurements that the display helps make more visible, as well as one aspect of the measurements not evident from just looking at the display. Alternatively, students give their own display to another student, and then each student (or student pair) describes the qualities of the display that they notice. The emphasis in these discussions is on what each display allows us to “see” and what each display “hides.” The aim is to help students recognize that different senses of the data are tied to how the data are displayed, and that representational choices entail trade-offs.. [*If no display uses an interval, then the teacher will need to introduce the notion of developing “bins” of similar values. Students should compare at least one interval-based display with those they invent.] 
	Thought-Revealing Questions: As Students Compare Displays

1. What does the display do a good job of helping other people notice? What does it make less noticeable? 

2. How did the designer show/hide that <feature>?

3. What can you see with this display that you can’t see as easily with this other display? 

4. Of all the displays, which do you think helps us see what the real height of the <attribute, such as height of flagpole> might be? Why? 


Relating Display to Process 


The lesson concludes with students working in pairs (or whole groups) to explain any patterns that they see in the interval display. What is it about the process of measurement that produces what they see? Why didn’t everyone get the same value? [Students might advance the idea that the difference is due to differences in their heights. If so, pick a tall and a short student and guide discussion about how far away each person will be from the pole. Will shorter people be further or nearer to the pole in order to create a 45 degree angle?]

	Thought-Revealing Questions: Relating Display to Process

1. What is it about the process of measurement that produces what we see? 

2. Why didn’t everyone get the same value? If they did, what would the display look like? Why do you think so? 

3. If the measurements just happened by chance, what would the display look like? Why do you think so? 


Students’ Ways of Thinking
Students’ Invented Displays


Here are a few of the displays that children invented to show what they noticed about flagpole measurements. 


Idiosyncratic. 
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No Pattern!

One group of 6th grade students claimed that there was no pattern to the set of measurements of the height of the school’s flagpole (the teacher used the word pattern instead of trend when giving directions for creating the displays). As you see in the left side of the image, the measurements were listed randomly. The students said that the numbers did not “help each other.” They meant that the numbers could not be formed from any rule that they could detect (They gave examples of even vs. odd). They also objected that the idea of pattern did not fit into their previous experience with pattern blocks “square, triangle, circle.” The teacher suggested that the purpose of creating the display might be changed to “find a way to show how the data are alike and different.” Although this change in language might support invention of a different kind of display, for many students, the very idea of uncertainty implies an ontological category of “not mathematics.” Ironically, this only bothers students who are apt at generating and detecting patterns, and who understand the importance of generalization of the pattern.

Noticing order. Some students tend to focus on the order of the data. Some values are greater than others. 
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Ordered Value Display 

A student ordered all measurements from least to greatest, and represented heights by bars. (Students often use lines instead of bars). “Typical” or modal values are indicated by plateaus, and variation by the differences among heights. 
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Ascending Values 

This display orders the data and makes use of higher = greater value. It is analogous to the ordered value display but takes a different tact. Rather than dismissing the display as non-standard, it is important to discuss the design motivations of displays like these. For example, the student-designers are using space to order their data. They tried to evoke an image of stair-climbing as the values increased.

Elaborating order. 
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Ordered Case Frequency Display

Students ordered the cases and displayed their relative frequency as a square icon.  

Students ordered measurements from least to greatest, and used squares to notate frequencies of each value. However, note that the interval between case values is not represented. When the teacher asked the students which values would not be likely to recur if they measured again, students pointed to the lowest value. The display made the multi-modal nature of these data visible. The statistics they computed represented residue from past classes—things that one did to batches of data. But they never referred to these statistics again. 

Grouping and Ordering. 
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Interval Display

This display “bins” or groups the data by interval. It makes visible a different sense of the “shape” of the data. 
Constructing Interval. 
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What’s Missing?

In this display, measurements were listed from least to greatest, but these sixth-grade students focused on the relative frequency of values missing from the interval. For example, 0 = 14 refers to the number of values in the interval between 30 feet and 66 feet for which there was no case. The 1 = 9 refers to the number of values in the interval for which there was only 1 case. The teacher used this display to highlight how displays could be structured to hide “holes” that this display drew attention to via the table. 

Comparing Displays 


Students hold up their displays and other students either write, or report verbally, one aspect of the measurements that the display helps make more visible, as well as one aspect of the measurements not evident from just looking at the display. Alternatively, students give their own display to another student, and then each student (or student pair) describes the qualities of the display that they notice. The emphasis in these discussions is on what each display allows us to “see” and what each display “hides.” The aim is to help students recognize that different senses of the data are tied to how the data are displayed, and that representational choices entail trade-offs.. [*If no display uses an interval, then the teacher will need to introduce the notion of developing “bins” of similar values. Students should compare at least one interval-based display with those they invent.] 
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A Bar Display and a Line Display 

A team of students found that they needed to draw two displays. One was a bar graph with intervals of 10, and the other was a line graph of the values in the 40’s of the same data. The bar graph hid the individual values but communicated the relative frequency within each interval. But because most of the values were in the 40’s, students decided that these needed to be displayed in finer detail. But classmates found the juxtaposition of styles confusing. 
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Relative Frequency display vs. Interval Display

The teacher asked students to compare the two displays.  One student mentioned that he could see bins from the interval graph on the right, and another student said that it was easy to notice that there were many 40s. But the modes of particular values were easier to see with the display showing the frequencies of cases display. The teacher asked students to explain why the shapes were so different, yet the data were the same.
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Interval Displays with and without holes 

The graph on the left appends an extreme value (122) to the decade bin. The stem-and-leaf display on the right makes this hole in the data more visible. 

Relating Display to Process 


The lesson concludes with students working in pairs (or whole groups) to explain any patterns that they see in the interval display. What is it about the process of measurement that produces what they see? Why didn’t everyone get the same value? [Students might advance the idea that the difference is due to differences in their heights. If so, pick a tall and a short student and guide discussion about how far away each person will be from the pole. Will shorter people be further or nearer to the pole in order to create a 45 degree angle?]
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What might happen if we do it again? The teacher asked students, “If we did the measurements again, would we get exactly the same numbers again?” This question was intended to let students think about any patterns in relation to measurement process. Some students suggested that sources of error, such as angle measure or distance measure, would lead to slightly different values. Others cited differences in their heights or shoe sizes, perhaps because they did not understand the triangle model, as leading to different outcomes. A significant portion of students suggested that of course they would get exactly the same values again, especially if they stood at the same spot on the playground. This debate foreshadowed the importance of continued emphasis on repeated process—what will happen if we measure again?

Appendix for Lesson 1B
Constructing an Inclinometer

Making the inclinometer

Materials

Wood (1.5 x 10 In.), tacks, heavy cardboard, string, washers, stapler

Process

1. Use a piece of wood for support.

2. Cut a half circle of heavy cardboard. (Diameter: about 8 Inches) 

3. Use a protractor to add degree marks to the half circle of heavy cardboard. Mark zero at the point that is exactly perpendicular to the center of the diameter of the half circle, and 45ºs. 

4. Attach the half circle of heavy cardboard to the center of the wood by stapling the top of the half circle. Please make sure the diameter of the half circle is parallel to the wooden straight edge. 

5. Place a tack exactly in the center of the diameter of the half circle. 

6. Attach a washer to a string and suspend the string from the tack. The length of the string should be as long as the radius of the half circle.     
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Pacing for Measuring Distance


A pace is a measure of distance obtained by walking. A pace is measured from the heel of the foot to the heel of the same foot in the next stride, as displayed. However, note that students often ignore the distance taken up by the placement of the first foot, and the teacher may need to call their attention to the fact that their heel, rather than the toe, constitutes the zero point of measure.
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It is easiest if the pacer says “and” during the first step, and then the number at the end of the second step (and one, and two…). Pacing can be used anywhere: indoors, outdoors, in the woods, or in open fields. The use of pacing as measurement dates back to Roman measure. The original Roman pace was slightly over 58 inches (1.5 m) long. Accordingly, this measure, about 5 feet, has become known as the geometric pace. 


To obtain the measure of a single pace, a few methods can be used. The easiest is to use 5 feet, so the measured distance traveled by a person is the number of paces traveled x 5 ft./pace.  (The reason for converting to feet is to allow comparison between tape measure and pace as methods for finding the height of the flagpole.) 


Another method is to set up a course of 50 or 60 feet with starting and ending lines. Start with the heel of the foot touching the line. Then have students pace the distance and record the number of paces. Students may need to be encouraged to pace “naturally,” as some tend to take artificially large steps. Ask students if there is reason to pace the same distance more than once. If students believe that multiple trials might be a sound idea, have each student walk the same 50 feet 6 times, recording the number of paces each time. Ask students how they might convert their paces to feet (divide the distance in feet by the number of paces). Students are then in a position to think about how they are going to develop a “best estimate” for the distance covered for each pace. (This is an opportunity to see how students think about measurement variation, a theme that will be revisited repeatedly during this unit).

Students’ ways of thinking: 


A student walked a 60 ft. course 4 times, and had 15, 12, 12, and 12. When the researcher-teacher asked the student which one the student would like to use as the best guess of the paces that took him to walk 60 feet, the student said 12 because it happened the most. Another student had 11, 11 1/2, 12, 12 ½, 13, and 13 1/2, and he decided to use 12 ½. The teacher asked him why he wanted to use 12 1/2 as the best guess of feet per pace, he answered that it happened a few times. He measured his paces more than 6 times and realized that 12 ½ occurred the most.   

Prerequisites


	


	The activities in the lesson rest on a firm grasp of principles of measurement. Prior to the lesson, students should have opportunities to consider the nature of units of measure. For example, students could try to measure a distance in the classroom (or outside) using whatever tools they invent (but not standard tools, like a ruler). Activities like these help students consider the nature of units and how units are accumulated for measure. The theory of measurement progress map in the Assessment System describes these conceptual attainments in greater detail.





Mathematical Concepts 





	Students investigate variability by designing displays of trends that they notice in a collection of their measurements of the height of the flagpole. Comparison of different displays supports the development of meta-representational competence, meaning that students are encouraged to understand how every representation highlights some features of the data and backgrounds other features. Hence, representations are trade-offs. This quality of trade-off is a characteristic of all mathematical systems. We aim to help students better understand mathematical representation.
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