Lesson 1A

Body Measure

Teacher Note: Body Measure and Flagpole Height are exchangeable. We generally recommend starting with Body Measure. Use Flagpole Height as an extension activity—Lesson 8 in the sequence. However, some teachers may prefer to begin with Flagpole Height, because it uses triangle trigonometry in a realistic, easily accessible situation. In that case, Body Measure is an optional, extension activity (Lesson 8). 




Overview of the Lesson

Multiple Measures of the Same Part of the Body, with Two Different Tools


Multiple measures are taken of the body parts of several students and/or of the teacher. Stations are set up around the room, and everyone measures the head circumference of one student, the armspan (the length of a both arms, horizontal extension) of another, and perhaps the area of a third person’s hand. For example, everyone measures Timothy’s wingspan, Amy’s head circumference, and the area of Mr. Bill’s hand. Each measurement is conducted two times: once with a crude tool, and then again, with a more precise or better-suited tool. For example, the arm-span might be measured with a 15 cm. ruler and with a meter stick. The ruler involves more iterations (laying end-to-end) and hence the chances for error are greater when compared to using the meter stick.


If this is the introduction to the unit, the teacher probes students’ thinking about why the measurers of the “same” arm-span or head circumference should result in such different measures. If the lesson is a model extension, then after collecting the data, students develop distributions and note similarities and differences among these distributions. Because some students believe that measurement is only imprecise if performed indirectly, as in the measures of height of the flagpole in lesson 1B, the distributions that result are often surprising to students, and hence serve as a crucible for further discussion of measurement and sources of (random) error.


Designing a Display


After each person has measured each part of the body with the tools provided (at least once), the measures obtained are collected. Students work in small groups to design a display that shows, without words, all of the data and any of the trends about the data that they notice. (If students have already participated in previous lessons, then they simply enter their data.) 

Comparing Displays


Students post their displays and classmates, but not the designer, attempt to interpret their meaning. The pedagogical intention is to explore different senses of the “shape” of the data. Student inventions are often idiosyncratic but the variability of student designs is important for grounding discussion about qualities of data display. Hence, the teacher employs a language for fostering meta-representational competence by asking the class to consider which features of the data are highlighted by a particular display and which it makes less obvious or even hides. The pedagogical intention is to foster the development of meta-representational competence (Thinking about representations as trade-offs, not as clear roads to “correct” ways of showing data.). After discussing qualities of displays, the lesson concludes by soliciting students’ ideas about sources of these qualities. What about the measurement process might lead to the shapes of the data observed?

Preparing for the Lesson

Body Measurement Tools

If Lesson 1A is the introductory lesson, it will be important that students employ a less precise tool for the first measure, and a more precise tool for the second measure. Hence, we suggest providing a cm. (or inch) ruler that requires multiple iterations to measure the person’s arm-span (e.g., a 15 cm. ruler), and also, that this type of ruler be used to measure another person’s head circumference. For more precise measurement, use a meter stick for the arm-span and a tape measure for the circumference of the head. For the area of a person’s hand, use the large grid paper included in the Appendix to measure the area of a cutout of a person’s hand. The area of a hand is measured more precisely with smaller grids, because more complete squares are included in the count. These are also included in the Appendix.

Recording Measurements


Each student’s measurement is recorded, along with the condition of measurement. If students will work in groups, then each group receives several sets of colored index cards. Different colored index cards make it easier to keep track of each measurement condition. For example, red cards for measuring arm-span with a less precise tool, green cards for measuring arm-span with a more precise tool, etc. Students record each measurement on a separate index card Cards are very handy because students can move them around easily as they attempt to design displays. 

Re-measuring with a More Precise Tool

Students re-measure each body part with a better tool. It is up to the teacher to decide if this second measurement should follow immediately or be delayed. But it is very important for later lessons that each person measure again with a more precise tool. 

Lesson Activities

Measurement Preambles


Each student predicts the value of the measurement he or she believes will result from measuring the length of three different persons’ arm-span (a student or teacher), head circumference (a student or teacher) and (optional) the area of a person’s hand. Each student measures each body part ,and each measurement is recorded on an index card or sticky note.


Teacher Note: If students do not agree about method of measure or units of measure, the resulting distribution of measurements reflects a blend of different methods of measure, individual differences in interpreting the task, and other chaos. This is fine, because it leaves room later for wondering why the shape of the data changes when the measurements are conducted more uniformly and/or with greater accuracy. First tools for measurement might include:


For head circumference: A 15-cm. ruler.


For wing span: A 15-cm. ruler


For area of hand: Square grid paper, where what is at hand is large vs. small squares. 
Such grids are included at the end of this lesson. Let students use the large grids for the 
first measure, because this will make keeping track of the parts more difficult. Each 
square in the large grid is 3 cm. x 3 
cm., and each square in the small-square grid is 1 
cm. x 1 cm.

Designing a Display

Students work in pairs to design a display on chart paper of the measurements.

Directions for Students

Can we say that everyone got the same measurement? Why or why not? If you look at the whole collection of measurements, what do they tell you?

Make a display on the chart paper – a picture or a chart or a graph—that shows other people all of our measurements at a glance. If there are any trends or relationships, anything important or something else that you notice, then the display should help other people see this quickly. 

You can use the cards to plan out your display. You might want to move the measurements around until you find just the way you want to arrange them. Then make your chart by writing the measurements on the graph paper, so that you can pick up the display and bring it to the front of the class. Write large enough so everyone can see.


Teacher note. Students tend to design displays that are not conventional, but, as described below, discussions about the variations in design help develop an appreciation of different senses of the “shape” of the data. Although it is tempting to use computer tools to create the display, paper-and-pencil tools lead to more invention. Paper and pencil often make the important issue of interval more visible. For example, some students may create “bins” for values, thus creating intervals that affect the “shape” of the data. However, they may also juxtapose them without regard to the entire range of the interval. That is, students arrange values in order, such as 10’s, 20’s, and then juxtapose 40’s, if there are no values in the 30’s bin. The resulting display highlights clumps of values but makes “holes” in the data invisible. (See Lesson 1B for further discussion of these issues.)

Comparing Displays 


Students hold up their displays and other students either write, or report verbally, one aspect of the measurements that the display helps make more visible, as well as one aspect of the measurements not evident from just looking at the display. Alternatively, students give their own display to another student, and then each student (or student pair) describes the qualities of the display that they notice. The emphasis in these discussions is on what each display allows us to “see” and what each display “hides.” The aim is to help students recognize that different senses of the data are tied to how the data are displayed, and that representational choices entail trade-offs.. [*If no display uses an interval, then the teacher will need to introduce the notion of developing “bins” of similar values. Students should compare at least one interval-based display with those they invented.]  

Relating Display to Process 


Students work in pairs (or whole groups) to explain any patterns that they see in the interval (bin) display. What is it about the process of measurement that produces what they see? Why didn’t everyone get the same value? 


Teacher note. If this lesson is being pursued as an introduction, then an emphasis on how the measures and methods of measure might be standardized is especially important. Ask students to predict what will happen if they change their methods and/or measures.

Optional Extended Investigation: Natural Variation


Instead of measures of one person’s wingspan, etc., the class measures every person’s wingspan. The results are plotted. Students compare and contrast the distributions, with an eye toward understanding why they might both have the same shape. This activity helps establish students’ thinking about natural variation, before this form of variation is visited again during later lessons.
Students’ Ways of Thinking

Students’ Invented Displays


Here are a few of the displays that children invented to show what they noticed about body measurements. Lesson 1B, Flagpole Height, includes more examples of students’ inventions. The graphs presented here are all with the crude tool measuring their teacher’s arm span. 

Noticing order. Some students tend to focus on the order of the data. Some values are greater than others. Typically, they arrange data into lists. 
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Some students use lengths of lines to show order. This is called a case-value or array graph.
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Noticing dimension. Other students notice order, but they also include distance. Hence, they can see holes and clumps in the data. 
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Noticing similar values. Less often, students notice that values tend to cluster. Their displays reflect this organization. Two examples are provided below. Notice that the first orders the groups or “bins” of data from greatest to least (however imperfectly). The second is closer to convention and allows viewers to see a hill in the data. These are examples of grouped-values displays.
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Comparing Displays

Different senses of shape afforded by case value graph vs. grouped-value display
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A group of students compared the case-value graph and the grouped-value based display above. A student said, “I think theirs (the case-value graph) are started from the bottom and goes up but doesn’t come back down because they didn’t do it like ours. They just did bars instead of doing different columns like what we were doing, 90s, 80s, 70s, 60s, and so on.” The student explained how design choices made differences in shapes of the two graphs. The case-value graph went up like stairs because creators ordered measurements from least to greatest and used lines to represent magnitude of each measurement. However, the grouped-value graph made a “mountain shape” because its creators used bins of 10s.

To enhance students’ understanding of each graph and emerging shapes of graphs, the teacher asked what-if questions. For example, “What would the graph (the case-value graph) look like if the whole class got 193?” A student answered, “It would just be the same line all across.” 

The teacher found that it useful to talk about how similar values could be identified from both graphs, so the teacher asked students, “If I want to find this group in there (grouped-values graph), what do I look for here (the case-value graph) ? Can I find them easily?” A student said that it was very difficult because they had to go across to read each value from the y-axis. Another student said that she would look for plateaus to find similar values. 

Clumps and Holes
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A group of students were interested in values that were missing, so they drew a number line and differentiated observed values and missing values by using colors and text sizes. Also, the creators put Xs to represent frequencies of each observed value. Students said that the graph was different from other graphs because it used the number line and Xs without noticing the implication of the graph. The teacher asked students, “What does the number line help us see something we haven’t seen so far from other displays?” A student answered that the creators put numbers in between so she could see how far they went. The teacher went on to emphasize how the display helped everyone notice gaps and holes in the measurements.

Relating Display to Process

Using the grouped-value displays, the teacher asked students about their best guess of the length of the arm-span. Students were drawn to the center clump evident in the grouped-value display, suggesting that the “real length” of the arm span was in the 150s, because most values were in that bin. The teacher asked, “Why are we getting graphs that look like this (normal curve)? Some values are under 150s and some values are over 150s.” Students’ reasoning tended to focus on their perceptions of “mistakes” when measuring. For example, some students left gaps when they iterated (moved) the ruler, others overlapped the rulers, and some others miscounted or measured with different units. The teacher asked students to consider each form of error and to judge whether or not it would lead to an overestimate of the length (overlaps) or an underestimate of the length (gaps). 

The teacher also asked: “What will happen if we measure again, the same way using the same tool? Students answered that they probably got different measurements. One student suggested that students who were in 170s or 180s would be more careful what they were doing second time and so they would get better measurements like 140s, 150s, or 160s. The same student said that students who underestimated the first time would also tend to measure more carefully, so their measurements would more likely be in the middle bins of the data. 

Appendix: Hand area
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Prerequisites


	


	The activities in the lesson rest on a firm grasp of principles of measurement. Prior to the lesson, students should have opportunities to consider the nature of units of measure. For example, students could try to measure a distance in the classroom (or outside) using whatever tools they invent (but not standard tools, like a ruler). Activities like these help students consider the nature of units and how units are accumulated for measure. The theory of measurement progress map in the Assessment System describes these conceptual attainments in greater detail.





Mathematical Concepts 





	Students investigate variability by designing displays of trends that they notice in a collection of their measurements of the same person’s body part. Comparison of different displays supports the development of meta-representational competence, meaning that students are encouraged to understand how every representation highlights some features of the data and backgrounds other features. Hence, representations are trade-offs. This quality of trade-off is a characteristic of all mathematical systems. We aim to help students better understand mathematical representation.
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